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Given a Hilbert space X" with inner product (-,) set M C X,y € X

Original Problem Projected Problem
% = argmin||x — | ©) X" =argmin [Px—yJIIF (P)
xeM xeEM

orthogonal projector P: X — X
Local opt. Re(X — y,t) > 0 Vt € rM Local opt. Re(P[x"—y],t) >0 Vt € Tee M

Tangent cone  T,M ={t: e} 2, >0, {xc}2) C M, xx = x, e(xk — x) = t}
="derivatives of paths in M passing through x”

Projection Lemma [H. & Magruder]

If Range P O T, M and x is a local optimizer of (P), then x is a local optimizer of (O)

(Plx—yl,t) = (x —y,Pt) = (x —y,t) Vte T M
0 <Re(P[x —y],t) =Re{x —y,t) Vte T M

Locally optimality & tangent cone definition from Hinze, Pinnau, Ulbrich, Ulbrich 2009
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Projection Lemma Example
Tangent Cone T, M ={t: He}2 >0, {x}2, CM, xx — x, e(xx —x) =t}

Euclidean Example R
On R?, with (x,y) =x"y

X =argmin|jx —y||> y=[7']
xEM

M={x:x"x—1=0,x >0}
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Projection Lemma Example
Tangent Cone T, M ={t: He}2 >0, {x}2, CM, xx — x, e(xx —x) =t}

Euclidean Example S X+ TxM
On R?, with (x,y) =x"y X M
% — argminx —yl® y=[7']
xeM
M={x:x"x—1=0,x >0}
x=[9]
TeM ={[5]: a >0}



Projection Lemma Example
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H,-optimal Model Reduction

Given a stable linear time-invariant system with impulse response h : [0, 00) — C
mapping input u : [0, 00) — C to output y : [0,00) — C via

9(t) = /O "h(t— r)ut) o,

the the transfer function H € 7, is the Laplace transform of h; H = Lh
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H,-optimal Model Reduction

Given a stable linear time-invariant system with impulse response h : [0, 00) — C
mapping input u : [0, 00) — C to output y : [0,00) — C via
10 = [ b= o
0
the the transfer function H € H; is the Laplace transform of h; H = Lh

‘H, Hilbert Space ‘H,-optimal model reduction

Functions F, G analytic in the right half Given H € H; and aset M C H;
plane with inner product

: 2
. Jin (16 = Hrlz,
(F,G)n, = 2—/ Fiw)G(iw) dw

7 — 00

Why use the H; norm?

ly = Vel < 1H = Hella [Jull,



Constructing a projector
explorting ‘H; structure



‘H, is a reproducing kernel Hilbert space (RKHS)

Definition: Primative Vectors
VIW(@) = (z—p)~" V[u] € Ha ifRep <0

Function evaluation < inner product
Vul, Fa, = F=p) - (Vi)' A, = =F'(=1)
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‘H, is a reproducing kernel Hilbert space (RKHS)

Definition: Primative Vectors . 4
VW@ = (z—p)~" Vlu] € Ha ifRep <0

Function evaluation <> inner product Tx

Mul, o, = F(=m)  (Vul', P, = —F'(=1)

F(—m) x R
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ZL /_C: VIu)(iw)F(iw) dw =
= ZL /_: Viu) (iw)F(iw) dw
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‘H, is a reproducing kernel Hilbert space (RKHS)

Definition: Primative Vectors . 4
VW@ = (z—p)~" Vlu] € Ha ifRep <0
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Constructing a projector
for H, Hilbert space

Idea: Construct a projector from the primatives V[u].



Basis Operator V()

V: C" — Span{V[]}L,

n

V(pe = Viulg

=1

M ]F) e,
R

|



Basis Operator V() Orthogonal Projector P ()
V: C" — Span{V[]}L, P(p) : Ha — Range V(p)

n Pp) =V() V() V()] ™ V()
V(e = Vil M(p) ==V (1) V() € C°

=
! | |

<V[M]7F>HZ F(_ﬁ\) — ) — o — ) —
V(p)'F= : = l : ] il :
<V[l‘n]7F)’Hz F(—x,) 7' 600 !




Basis Operator V()
V: C" — Span{V[]}L,

Orthogonal Projector P ()
P(p) : Ha — Range V(p)

n

P(p) =V() V() V()] = V()"
V(,u)c = j_zl V[Mj]cj M([J,) ay V(H)*V(M) c Cnxn
Wl | ) = F=7
V(p)'F= [ ] = l ] =
V] P 3¢, F(=R,) _”I — _Hl_u




Basis Operator V() Orthogonal Projector P ()
V: C" — Span{V[]}L, P(p) : Ha — Range V(p)

" P(p) =V() V() V()] ™ V(B)*
I

M) =V()*V(k) € T




Basis Operator V() Orthogonal Projector P ()
V: C" — Span{V[]}L, P(p) : Ha — Range V(p)
" P() =V () V() V()] ™ V(1)

V(p)e = ;V[uﬂcj M(p) =V ()" V() € C¥"
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How do we choose projector P(u)?

Recall Projection lemma requires Range P(u) 2 Ty, M
where Ty, M is tangent cone

Question What is M?



Space of Reduced Order Models M
State-Space Reduced Order Models

S(C)={HeH,:H(z) =c*(zd—A)"'b, bcc C, AcC™}
SR):={HeM,:HEz) =c'(z1—A)"'b, b,c e R, A e R™"}

complex

real
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Space of Reduced Order Models M

State-Space Reduced Order Models
S(C)={HeH, :Hz)=c*(Z1—A)"'b, bce C, Ac C*}  complex
S(R)={HeM,:HEz) =c'(21—A)"'b, b,ce R, Ac R} real

If H, has only simple poles, then A is diagonalizable A = VAV~
H(z) = *( I —A)"'b=c*(z —VAV")—‘b:c* (A —A)"'V'b

—Z [*V]e [V~ "ble(z — A) ™ Zpk\/)\k

S,(C) = {Zpkvw] : oM € C, Re )l < o}
k=1

U{H € S§,(C) : H has pole of multiplicity > 2}

Note H, with higher order poles are nowhere dense in H,;



Tangent Cone of §,(C)
If H, is has only simple poles, then H, = ZL=| pV[A] and
Th,S/(C) = Span{V[A], VIA] iz

Tangent cone  T,M :={t: I{es}2, >0, {x¢}72, CM, x¢—x, €o(x¢ — x) =t}
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If H, is has only simple poles, then H, = >, _, p«V[A«] and
THSH(C) = Span{V[Ad, VA Yz

Tangent cone  T,M :={t: I{es}2, >0, {x¢}72, CM, x¢—x, €o(x¢ — x) =t}

Pole-residue form H, = Z VA, with pe, Ac € C,Re A < O
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Tangent Cone of §,(C)
If H, is has only simple poles, then H, = >, _, p«V[A«] and
THS(C) = Span{V[Ad, VM Hie

Tangent cone  T,M :={t: I{es}2, >0, {x¢}72, CM, x¢—x, €o(x¢ — x) =t}

Pole-residue form H, = Z VA, with pe, Ac € C,Re A < O
k=1
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Tangent Cone of §,(C)
If H, is has only simple poles, then H, = >, _, p«V[A«] and
Th.SH(C) = Span{VIAd, VIA Hee

Tangent cone  T,M :={t: I{es}2, >0, {x¢}72, CM, x¢—x, €o(x¢ — x) =t}

Pole-residue form H, = Z VA, with pe, Ac € C,Re A < O
k=1

Span of V[A{] Span of V[A]'

Pick 6 € [0,27), 6¢ — 0, 6¢ > O set Pick 8 € [0,27), 6¢ — O, d¢ > O set
HE = H, + €°80V[\] € S/(C) HE = H, + pV[he + €%60] — pV[A] € S/(C)
e=ad, a>0 €0 = af|peV[M + €98,] — ka[)\k]H;t‘z a>0

Tangent vectors: 05 Tangent vectors:
. . € 0Oy i0
lim eo(H —H,) = o lim VIM i en (0 — ) = fim 20V 78] — pV[A)
e oo b AmeeHe =)= im T + #98e] — PV o
= ae” V[N

= apV[\]'e?

As S(R) C 8/(C), if H; € S,(R) then Tw.S,(R) C T1,.S,(C)



Building a practical projected algorithm
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Transfer Function IRKA [Beattie & Gugercin 09]

Idea: Choose Range P to be tangent cone 7, S,(C) at previous iteration

TF-IRKA Recall Ty, §,(C) = {V[M, VIA iz
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Idea: Choose Range P to be tangent cone 7, S,(C) at previous iteration
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Idea: Choose Range P to be tangent cone 7, S,(C) at previous iteration

TF-IRKA Recall Ty, §,(C) = {V[M, VIA iz
Input : H € Hy, initial poles Al ~ B '
Output : H, € S(C) PV = Hill, =
for0=0,1,2,...do H=X)—H(=x) T
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if [|[HE — HE! I+, < 7 then break; —H 3+ =x 1l
B [f converges, H, is optimal via
projection lemma

B Construct interpolant H’ using
Loewner-like approach



Transfer Function IRKA [Beattie & Gugercin 09]
Idea: Choose Range P to be tangent cone 7, S,(C) at previous iteration

TF-IRKA Recall Ty, §/(C) = {V[Ad; VIM Hie

Input  : H € H,, initial poles A°

~ .
Output : H, € §(C) (IP(N)[H — H]ll3, =

2

for{ =0,1,2,...do H(=X1)=H(=X))
P(XY) : Ha— Span{V[A], VINE) Fee i

¢ in [ POAY[H — ; Sony—1 | HER—H(=X)

Hr = Tl PO = Hillle MOV e RDrx)

A poles of I—If;

if |HY — H |19, < 7 then break; —H =3+ (=3 1l

have 2r complex data
H, has 2r complex parameters
= construct interpolant where

B [f converges, H, is optimal via
projection lemma

B Construct interpolant H¢ using _ B B
Loewner-like approach H(=X) = H(=X) H'(=X) =H/(=)\)

As the error is zero, M()) ignored
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Transfer Function IRKA [Beattie & Gugercin 09]

Idea: Choose Range P to be tangent cone 71, S,(C) at previous iteration

Poles
TF-IRKA
Input  : H € H,, initial poles A° - 4
Output : H, € §(C)
for{=0,1,2,...do .,
P(X) : 2= Span{VIN], V] e ®. . ’
H <— mln HP( )[H — Hll,; ®.
A poles of HY: 5. 10-2 o

if [|HS — H ™' ||l3, < 7 then break;

Transfer Function
B [f converges, H, is optimal via

projection lemma

B Construct interpolant H’ using
Loewner-like approach

B Discards previous samples
~¢ ~¢
H(=X0), H(=A)

10! 10° 10' 10 10°



A more efficient projected algorithm



PI’OJGCTed Hz [H. & Magruder]

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C)



[H. & Magruder]

Projected ‘H,

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C)

PH2

Input  :H € Hy, initial samples p°
Output : H, € §(C)
for{=0,1,2,...do




[H. & Magruder]

Projected ‘H,

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C)

PH2

Input  :H € Hy, initial samples p°
Output : H, € §(C)
for{=0,1,2,...do

P(p) : Ha— Span{V[pc] }ui
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Projected H; |
(©)

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C

PH2 IP()H = Hll3, =

Input  : H € H,, initial samples p° H(u)—H () 7|12
Output : H, € 5,(C) M(p,)_% ,

forézO, [,2,...do H(,U'n)_:Hr(;ufn) ,

73( A H2—>Span{\/[,uf]}k;
HE “ mm ||73( YH = Hll#;

B Overdetermined approximation problem
B [f underdetermined, uses smaller rank r
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Idea: Increase Range P at each step to better contain tangent cone 75, S,(C
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Idea: Increase Range P at each step to better contain tangent cone 75, S,(C)

PH2 IP()H —H]ll3, =

Input  : H € Hy, initial samples u H(u) —Ho () 1 112
Output : H, € S(C) M(p,)_% )
forézO, 1,2,...do H(,U'n)_:Hr(;ufn) ,
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Projected Hz [H. & Magruder]

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C)

PH2 IP()H = Hll3, =
Input  :H € Hy, initial samples p° H(p ) —H () 7 112
Output : H, € S(C) M(u)_% .
for{=0,1,2,...do H(#)—:H(#)
P (i) : Ha— Span{Viu] b T
¢ - ¢ _
Hr = i, P A)H = Filll; Recall Ty S.(C) = {VIA, V'YL
A < poles of Hf;
fux <—argmax £ (Range P (), TyixSi (C)); Although P(p) 2 T4, S(C),
bt (_Ae[;e’ ] can get arbitrarly close
el pge—1 :
| if |H, — H: 7' [[3, < 7 then break; Span{V[\], VAI'} S

Span{V[A — 4], V[X + 4]}
B Overdetermined approximation problem
B [f underdetermined, uses smaller rank r
B Select puy based on subspace angle £

B Converges under mild conditions
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[H. & Magruder]

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C

PH2
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B Converges under mild conditions
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[H. & Magruder]

Idea: Increase Range P at each step to better contain tangent cone 75, S,(C)

PH2

Input  :H € Hy, initial samples p°
Output : H, € §(C)

forézO, [,2,...do

7’( Sk HzﬁSPaﬂ{V[Mf]}k?

H iy [P OH = Hllssi

A — poles of I—Ir,

ftx <—argmax £ (Range P (), TynSi1(C));
XEX

NEJrI — [Ier»,u*]?

if [|HS — H ' ||, < 7 then break;

B Overdetermined approximation problem
B [f underdetermined, uses smaller rank r
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B Converges under mild conditions
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Theoretical Results

Thm: Convergence of Projected H, Iteration [H. & Magruder]

Let H € Ha, no,r € Z with ng > 2r. Given u® € C™ with distinct entries, generate
Hf = argmin [|P(u)[H — Hll%,
H.€S,(C)

= pl] s = argmax £(Range P(p), TynSi (C))
AEX(HE)

u

If {uf}22, has distinct bounded entries and Hf — H, € H, where H, has r distinct
poles then, H, is a local optimizer to ||H — H,||3,.
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Theoretical Results

Thm: Convergence of Projected H, Iteration [H. & Magruder]

Let H € Ha, no,r € Z with ng > 2r. Given u® € C™ with distinct entries, generate

/—/f = argmin ||'P(;/)[H — Hll2,
H.€S5,(C)

£+I:[

7 ph ] pl = argmax £(Range P(p), TynSi (C))

AEX(HE)

If {uf}22, has distinct bounded entries and Hf — H, € H, where H, has r distinct
poles then, H, is a local optimizer to ||H — H,||3,.

B As {uf}22, bounded, then has at least one limit point
B At this limit point, the subspace angle — O
B Then it must be the case for all poles of H?

B This implies local optimality
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ISS IR Component (Ist input/ |st output)

H(iw)]

Transfer Function

Projected H;

10°

10'

frequency, w

Relative ‘H, residual (r = 28): IRKA: 0.020612 TF-IRKA: 0.004169 PH2: 0.001803
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ISS IR Component (Ist input/ |st output)

Convergence History r = 28

10° [ T T ‘
o ‘O—I -
°
(]
o~
=z
(]
=
E
£ 1072 |

Projected #; QuadVF L = 10 |
‘073 I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1,000

linear solves

B Projected H, converges before IRKA/TF-IRKA second iteration
B Nonmonotonicity of error expected: each step in different norm
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Example:
Delay Differential Equation

Hiz)=c (zE— Ay —e ™A))"'b where

2 2472 2 2-72 2
Em 14T, Agi= ot p<T_'>7 Aw:p(T_
€

Ve TP

T ones on superdiagonal, subdiagonal, and the (I, I') and (n, n) entries
n=1000,7=1,p=0.1,e=00l,b=cb=¢e +¢&

[Beattie & Gugercin '09]
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NG

)
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10— Transfer Function
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_ 0T
3 8
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—4 L gy,
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Transfer Function
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Relative H; residual (r = 6): TF-IRKA: 0.1818 PH2: 0.1665
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Delay System

Convergence History r = 28
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Delay System

| Convergence History r = 28
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0=  Projeded ¥ | | |  TFIRKA -
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linear solves

B Projected H, converges before TF-IRKA second iteration

B Nonmonotonicity of error expected: each step in different norm
23



Delay System

relative H, error

linear solves
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Reduced Order Model Error at Termination

ROM dimension r
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Delay System

relative H, error

linear solves
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Reduced Order Model Error at Termination
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Delay System

Reduced Order Model Error at Termination

10° T T T T T T T T T T T T T T ™3
. R g LTFIRKA  0QuadVF |
2 10! g P Py o Projected H; E
o F 1] [~} @ o © (e Jie) 1
3 2o ,,92990900 00 O
e O} PAA L AL e
E= . 1
] -3 L |
p 1077

‘0—4 L L L L L L L L L L I I I I

L L L L L L L L L L L
2 4 6 8 1012 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50
ROM dimension r

Cost to Satisfy Convergence Criteria

4 Py ““““““““‘J\T
107 P R N ol

0 3| A R LA A -~ ]

9] 10° i

=2 g

3 NeJ O O0OO0OO0O00000QO0OO000O0@0 ®O0 @@ e°

S 102 EL e o o © o H ° ]

3 B N

£ et E
|OO\\\\\\\ L I [ —

L L L L L L L L L L L L
2 4 6 8 1012 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50

ROM dimension r
24



Why use our Projected H?



Why use our Projected H?

Advantages
B Non-intrusive: only access H(u)
B Fewer evaluations (~ 4 — [0x)

B Often similar or better error



Why use our Projected H?

Advantages Disadvantages
B Non-intrusive: only access H(u) B Each step wall-clock expensive
B Fewer evaluations (~ 4 — 10x) B Non-trivial to implement

B Often similar or better error but code avalible

25



Why use our Projected H?

Advantages
B Non-intrusive: only access H(u)
B Fewer evaluations (~ 4 — 10x)
B Often similar or better error

B Possible extensions...

Disadvantages
B Each step wall-clock expensive

B Non-trivial to implement
but code avalible

25
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Structured ROMs

ie., we assume A has structure A = 3 A,
—1
SE(R) =] {H eEH: H(Z) =cl (Zl = Ej OéjA\j) b, b,c e R, o € R}

Higher Order ROMs
ie, x”(t) = AX'(t) + Agx(t) + bu(t)

STOR) = {H € H,y : H(z) = c'(Zl —zA| — Ap)~'b, b,c €R', Ag,A| € R}



Structured ROMs

ie., we assume A has structure A = 3 A,
S*(R) = {I—I EHy:Hiz) =cT (zl — Ejozj,o\j)fI b, b,c e R, q € R}
Higher Order ROMs
ie, X" (t) = AiX'(t) + Aox(t) + bu(t)
STOR) = {H € H,y : H(z) = c'(Zl —zA| — Ap)~'b, b,c €R', Ag,A| € R}
Port-Hamiltonian Structure with Chris Beattie

SMR)={HeH, :Hz) =c'(Z1-]+R)"'c, ceR, J=—]",R=R" R >0}
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ie., we assume A has structure A = 3 A,
—1
SE(R) =] {H eEH: H(Z) =cl (Zl = Ej OéjA\j) b, b,c e R, o € R}

Higher Order ROMs
ie, X" (t) = AiX'(t) + Aox(t) + bu(t)

STOR) = {H € H,y : H(z) = c'(Zl —zA| — Ap)~'b, b,c €R', Ag,A| € R}
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To apply the projected H; framework:
B Efficient parameterization & solver
B |nitialization of NLS solver

B Update rule to append subspace



Structured ROMs

ie., we assume A has structure A = 3 A,
—1
SE(R) =] {H eEH: H(Z) =cl (Zl = Ej OéjA\j) b, b,c e R, o € R}

Higher Order ROMs
ie, X" (t) = AiX'(t) + Aox(t) + bu(t)

STOR) = {H € H,y : H(z) = c'(Zl —zA| — Ap)~'b, b,c €R', Ag,A| € R}
Port-Hamiltonian Structure with Chris Beattie
SMR)={HeH, :Hz) =c'(Z1-]+R)"'c, ceR, J=—]",R=R" R >0}

To apply the projected H; framework: Al are subsets of S,(R)

B Efficient parameterization & solver ; o o
B Initialization of NLS solver SRcsS STR)CS STR)CS

W Updateruleto-append-subspace Tangent cone contained in Ty, S,(R)

the same subspace update can be used!



Broader Classes of ROMs



Weighted ‘H, Model Reduction
If W,, W; € H, and denoting (F ® G)(z) = F(z) - G(2),

i W, H—-H W,
H,gjs':'(‘R) [Wo® [ 1] © Will3s,

with Serkan Gugercin
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\/\/eighted Hz Model Reduction with Serkan Gugercin
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typically W,, W, proper rational, but high order
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V\/eighted Hz Model Reduction with Serkan Gugercin
If W,, W; € H, and denoting (F ® G)(z) = F(z) - G(2),

i W, H—-H W,
H,g?s':'(‘R) [Wo® [ 1] © Will3s,

Approach consider as structured H,;:

min W, ®©H O W, — H|l#, SWo,W) ={W,0Ho W, :HeSR)}
H,€S,(W,,W))

typically W,, W, proper rational, but high order

Approximation by Delay Systems
Dg(R)={HEH, : H(z) = ¢ "(z~Ao—_ e~ 7A)'b,b,c € R, A € R*", 7; > 0}

elements of tangent cone have countably infinite poles
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\/\/eighted Hz Model Reduction with Serkan Gugercin
If Wy, W; € H, and denoting (F ® G)(z) = F(z) - G(2),

i W, H—-H W,
H,gjs':'(‘R) [Wo® [ 1] © Will3s,

Approach consider as structured H,;:

min W, ®©H O W, — H|l#, SWo,W) ={W,0Ho W, :HeSR)}
H,€S,(W,,W))

typically W,, W, proper rational, but high order

Approximation by Delay Systems

D R)y={HeH, : H(z) = cT(zI—AO—Zf’=| e ?A)~'b,b,c e R, Aj € R™, 7, > 0}
elements of tangent cone have countably infinite poles

In both cases, construct P () to approximate tangent cone (using model reduction?)



Why use our Projected H?

Advantages Disadvantages
B Non-intrusive: only access H(u) B Each step wall-clock expensive
B Fewer evaluations (~ 4 — 10x) B Non-trivial to implement
B Often similar or better error but code avalible

B Possible extensions
> structured ROMs
> weighted norm
> delay ROMs
> quadratic bilinear ROMs(?)
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